We investigate the cosmological evolution in a new modified teleparallel theory, called f (T, B) gravity, which is formulated by connecting both f (T ) and f (R) theories with a boundary term B. Here, T is the torsion scalar in teleparallel gravity and R is the scalar curvature. For this purpose, we assume flat Friedmann-Robertson-Walker (FRW) geometry filled with perfect fluid matter contents. We study two cases in this gravity: One is for a general function of f (T, B), and the other is for a particular form of it given by the term of −T + F (B). We also formulate the general energy constraints for these cases. Furthermore, we explore the validity of the bounds on the energy conditions by specifying different forms off (T, B) and F (B) function obtained by the reconstruction scheme for de Sitter, power-law, the ΛCDM and Phantom cosmological models. Moreover, the possible constraints on the free model parameters are examined with the help of region graphs. In addition, we explore the evolution of the effective equation of state (EoS) ω ef f for the universe and compare theoretical results with the observational data. It is found that the effective EoS represents the phantom phase or the quintessence one in the accelerating universe in all of the cases consistent with the observational data.
I. INTRODUCTION
In the recent past, the development of a modified gravitational framework that can successfully demonstrates the total cosmic matter contents along with the complete history of cosmic evolution (from big bang phenomenon till its final fate) is regarded as one of big challenges. Although general theory of relativity (GR) is regarded as a very successful theory that is consistent with the observational results however it has some limitations on dark matter and DE. So, the work on the modification of GR started just after it's formulation. In this respect, Weyl made an effort for combining the gravitation and electromagnetism soon after the final presentation of GR [1] . His effort was not as much successful but it initiated the concept of gauge transformation and gauge invariance and thus provided a basis for gauge theory [2, 3] . Ten years later, Einstein [4] made an effort by constructing the structure of teleparallelism. In his effort, he used the concept of tetrad, an orthogonal field based on the four-dimensional space-time tangent space. As the tetrad has sixteen components, therefore Einstein called this structure as a unification of electromagnetism and gravity by relating six additional degrees of freedom to electromagnetic field. Later on, it was also not proved as problem free but the main idea of this theory is considered important till date.
In this respect, Kaluza [5] and Klein [6] also proposed an unified platform for gravity and electromagnetism, called Kaluza-Klein theory. Further Cartan presented a successful modification of GR, namely Einstein-Cartan theory, in which spacetime involves both curvature and torsion [7, 8] . In this theory, energy and momentum were the source of curvature, while the spin was the source of torsion. In 1960, Moller [9, 10] made an effort based on Einstein's idea to find a tensorial complex which is invariant under coordinate transformation but not under local Lorentz transformation. On the basis of Moller's work, Pellegrini and Plebanski [11] found a formulation of Lagrangian for teleparallel gravity. In 1976, Cho [12] found teleparallel Lagrangian with the coefficient of anholonomy by replacing torsion and it was invariant under local Lorentz transformation. In 1979, Hayashi and Shirafuji [13] made an effort to unify the concept of teleparallelism with his earlier proposed gauge theory [14] [15] [16] .
Teleparallel gravity (TG) is a modified theory that is equivalent to GR based on a different concept, like GR determines trajectories by geodesics but TG consider torsion as a responsible candidate for gravitation. Weitznböck suggested that it is possible to choose such a connection for which the curvature vanishes and this is regarded as a main idea behind teleparallel theory. Interestingly, the field equations obtained through this formulation are equivalent to that of GR [17, 18] . The interest in TG is raising day by day over past few decades and many other extensions of this theory has been proposed in literature [19] . One of its interesting modification is f (T, T G ) gravity involving torsion invariant T and contribution from a term T G , the teleparallel equivalent of the Gauss-Bonnet term [20] . Another modification involves general f (T ) function and its non-minimal coupling with matter [21] . Much work has been done on these teleparallel frameworks and researchers obtained viable results for various cosmological issues (for reviews on modified gravity and dark energy problem to account for the late-time cosmic acceleration, see, e.g., [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] ). R = −T + B is the one of the basic equation of GR and its teleparallel equivalent, where R is the Ricci scalar, T is the torsion scalar and B is a total derivative term which only depends on torsion, named as boundary term. Thus Einstein-Hilbert action can be represented by either using Ricci scalar or the torsion scalar as it gives identical equations of motion. It is worthwhile to mention here that variation of f (R) Lagrangian (modification of GR) results in fourth order field equations [36, 37] while f (T ) Lagrangian leads to second order field equations [38] . As the terms T and B are not invariant and hence under local Lorentz transformation, this theory is no longer invariant [39, 40] , but this issue can be resolved by taking the particular combination −T + B [41] . So the f (R) and f (T ) theories are not equivalent but a relationship can be developed by using theories based on f (T, B) functions. In [42] , Bahamonde et al. reconstructed some well known models in the background of f (T, B) gravity, discussing the thermodynamic properties and stability of such models.
The investigation of possible bounds on free parameters arising from different DE models by making them consistent with the energy conditions has always been a center of interest for the researchers. Such constraints have already been explored in various gravitational frameworks like f (R) gravity, f (T ) theory, f (G) theory, f (R) gravity involving non-minimal interaction with matter, f (R, L m ) gravity and Brans-Dicke theory [43] . In this context, Sharif and Saira [44] considered FRW geometry with perfect fluid matter contents in the most general scalar-tensor gravity involving second-order derivatives of scalar field in field equations and discussed the possible validity of energy conditions. Sharif and Zubair [45] have investigated the consistency of these bounds in f (R, T ) gravity that involves Ricci scalar and energy-momentum tensor trace. By using power law cosmology, they also developed the stability criteria for this configuration. Further, in another study, they examined some models of f (R, T, R µν T µν ) gravity using energy inequalities [46] . Zubair and Waheed studied the validity of energy bounds for power law FRW cosmology in a modified theory involving non-minimal coupling of torsion scalar and perfect fluid matter [21] . In another paper [47] , the same authors explored the compatibility of energy constraints in F (T, T G ) gravity using two different proposed models of F (T, T G ) for FRW geometry with perfect fluid matter and obtained interesting results.
Being motivated from the literature, in the present manuscript, we investigate the possible constraints on free parameters using energy condition approach in f (T, B) gravity. In the next section, we present a brief formulation of this theory and its resulting field equations for perfect fluid FRW geometry. In section III, we formulate the energy constraints for a general f (T, B) function as well as its specific form −T + F (B). Section IV is devoted to study these energy bounds for four different f (T, B) models obtained by reconstruction scheme namely: de sitter universe, power law cosmology, ΛCDM model and phantom cosmology. Here we discuss the validity of energy conditions and evolution of effective equation of state (EoS) parameter using graphs. In the next section, we discuss these energy bounds for particular forms of −T + F (B) constructed by reconstruction scheme using all four cases. Last section concludes the whole discussion and highlights the major results.
II. BASIC FORMULATION OF f (T, B) THEORY OF GRAVITY AND FRW GEOMETRY
In this section, we discuss the basic notions of f (T, B) gravity and construct the corresponding field equations for flat FRW geometry with perfect fluid matter source. For this purpose, we consider the action of a modified version of teleparallel theory proposed in a recent study [41] given as follows
where f (T, B) is a general function of torsion scalar T and boundary term B. Here e represents the determinant of tetrad and S m denotes the action of ordinary matter. Actually, Ricci scalar of Levi-civita in terms of torsion can be written in the form:
where the term in addition involving torsion vector T µ is considered as the boundary term given by B = 2 e ∂ µ (eT µ ). It has been proved that by choosing f = f (T ) and f = f (−T + B) = f (R), it is possible to recover both f (T ) and f (R) theories, respectively. The variation of the above action with respect to tetrad results in the following set of field equations
where τ λ ν = e a ν τ λ a is standard energy-momentum tensor and ✷ = ∇ µ ∇ µ . The line element for flat FRW geometry is given by
where a(t) is the expansion radius of universe. In these coordinates, the tetrad field can be expressed as follows
We assume the source of ordinary matter as perfect fluid given by
where ρ m and p m are ordinary matter density and pressure, respectively. Using (4) along with (6), the corresponding field equations (3) takes the following form
Here H =ȧ a is the Hubble parameter and dot represents derivative with respect to t. In terms of effective energy and pressure terms, the above set of equations can be rewritten as
where
III. ENERGY CONDITIONS
In this section, firstly, we present a general discussion on energy condition bounds in GR and then formulate specifically these constraints for the present case. The origin of these conditions emerges from the Raychaudhuri equation along with the condition that the gravity is attractive. For this, consider the tangent vector field u µ that is congruent to timelike geodesics in a spacetime manifold endowed with a metric g µν . Then Raychaudhuri's equation is given by
where terms R µν , θ and σ µν denote the Ricci tensor, expansion, and shear scalars, respectively. Also, ω µν is the rotation associated to the congruence defined by the vector field u µ . The above equation deals with the geometry and has no reference to gravitational field equations. Since the GR field equations relate Ricci tensor R µν to the energymomentum tensor T µν , therefore the combination of Einstein's and Raychaudhuri's equations can be used to restrict the energy-momentum tensor on physical grounds. As the shear is spatial tensor and σ 2 ≡ σ µν σ µν ≥ 0, so from Raychaudhuri's equation, the condition for attractive gravity dθ dτ < 0 reduces to R µν u µ u ν ≥ 0 for any hypersurface orthogonal congruences (ω ≡ 0). Consequently, by using Einstein's equation, it can be written as
Here we consider 8πG = c = 1. Further, symbols T µν and T represent the energy-momentum tensor and its trace, respectively. Equation (14) gives the strong energy condition (SEC) in a coordinate-invariant way in terms of T µν . So SEC in the context of GR shows that the gravity is attractive. For a perfect fluid matter source (6), Eq.(14) takes the form as ρ m + 3p m ≥ 0. Other energy constraints namely null energy condition (NEC), weak energy condition (WEC) and dominant energy conditions (DEC) can be written as
The derivation of energy conditions for f (T, B) gravity can be done in a similar pattern. In the present work, we consider that the total matter contents acts as a perfect fluid. So these conditions can be obtained by just replacing ρ m with ρ ef f and p m with p ef f as follows
Inequalities (15)- (18) represents the null, weak, strong and dominant energy conditions in the context of f (T, B) gravity for F RW spacetime. For flat FRW spacetime, the torsion scalar and the boundary term takes the form:
Also, for FRW line element, deceleration, jerk and snap cosmological parameters are given by
The expressions of T, B and H along with their derivatives in terms of these cosmological parameters can be written as
Using the above definitions, the energy conditions (15)- (18) will take the form as follows
In this section, we explore the evolution of energy condition bounds (19)- (22) using some interesting f (T, B) models obtained by reconstruction scheme. For this purpose, we consider four well-known cosmological models namely de Sitter (dS), power law, ΛCDM and phantom models of cosmos.
A. de Sitter universe model
The dS solutions are considered as one of the most fascinating models in cosmology for explaining the current accelerated cosmic epoch. The dS model is described by the exponential scale factor defined as a(t) = a 0 e H0t , where a 0 and H 0 are the present values of scale factor and Hubble parameter, respectively. Further, the torsion scalar and the boundary term takes the form:
Also, we consider the perfect fluid matter source satisfies constant EoS parameter given by ω m = pm ρm . Thus,
Consequently, the reconstruction technique leads to the following form of f (T, B) model given by
Here f 0 and f 0 are integration constants, while K is the constant of separation. Introducing Eq. (23) in the set of energy conditions (19) and (22), we get
Here, each of these inequalities depend on the values of j, q, H 0 , f 0 , K andf 0 . For graphical illustration, we consider the recent values of cosmic parameters H 0 , q and j. proposed by Capozziello et al. [48] . These values are H 0 = 0.718, q 0 = −0.64 and j 0 = 1.02. Also, we assume that the energy constraints hold for ordinary matter source and κ 2 = 8π, gravitational coupling constant, is a positive quantity, therefore we only discuss the inequalities for DE source. Here we explore the possible ranges of free parameters f 0 andf 0 for which the energy constraints are satisfied. The graphical behavior of these inequalities is given in left plot of Figure 1 . It can be seen that both WEC and NEC remains valid when the free parameters are constrained approximately within these limits: −25 ≤ f 0 ≤ 200, 88 ≤f 0 ≤ 170. These obtained ranges of free parameters are consistent with the one obtained in [42] . In this case, the effective EoS parameter is given by
Its graphical illustration of ω ef f is given in right plot of Figure 1 . It is clear that the effective EoS approaches to −1 for late times of the universe.
B. Power law solutions
Here we will investigate the compatibility of WEC and NEC for f (T, B) model reconstructed using power law as expansion factor [42] . Further, we explore the behavior of effective EoS parameter. Let us consider a model described by a power-law scale factor given by where t 0 is some fiducial time and h denotes a constant value greater than zero. Such solutions help to explain different phases of cosmic history by taking some specific values of h like matter-matter dominated epoch corresponds to h = 2 3 , while radiation-dominated era relates to h = 1 2 . Also, h > 1 predicts a late-time accelerating stage of universe. For the above scale factor, the scalar torsion and boundary can be written as follows
By assuming that the ordinary matter contents satisfies the EoS parameter given by ω m = pm ρm , we get
Under all these assumptions, the possible reconstructed form of f (T, B) function describing power-law cosmology is given by Introducing Eq.(24) in the energy conditions (19) and (20), we get
W EC :
These conditions involve parameters like q, C 1 , C 2 , C 3 , h, j and the cosmic time t. We explore the validity of these bounds by fixing all other free parameters except C 1 and also by varying cosmic time. The graphical behavior of these constraints is given in the left panel of Figure 2 . Since h > 1 indicates accelerated expanding late cosmic stages therefore we have chosen values greater than 1. It is seen that by taking greater values of h and C 1 , the validity region of these energy bounds can be extended with increasing cosmic time. Also, it is clear from the graph that for very few negative C 1 values with small t satisfy these energy bounds.
Further, the effective EoS parameter in this case is given by
The evolution of this parameter is given in the right panel of Figure 2 . Clearly −1 ≤ ω ef f ≤ 0 represents the accelerated expanding stages of cosmic evolution.
C. ΛCDM Cosmology
In this section, we will use the reconstructed f (T, B) function for a ΛCDM cosmological evolution without including any cosmological constant term in this modified gravity. For this purpose, we take f (T, B) as obtained in [42] 
Introducing Eq.(28) in the energy conditions (19) and (20), we get
Here a(t) = a 0 e N , H 2 = g = le −3N , l = Also, the effective EoS parameter is given by and C2 = 10. For right plot, we take ωm = 0, a0 = 1 = ρ0, C1 = 1000, C2 = C3 = 10.
The dynamics of effective EoS parameter is provided in the right penal of Figure 3 . It indicates that the universe model is in quintessence stage of its evolution.
D. Phantom Universe Model
In this section, we will discuss the evolution of energy condition bounds for reconstructed phantom model of universe [42] . This phantom universe model is given by
where C ) and is called e-folding parameter and z is the red shift parameter. For this model (29) , the WEC (19) and NEC (20) are given by 
The graphical illustration of these energy bounds versus red shift parameter and constant b 0 are given in Figure 4 . Furthermore, the effective EoS parameter turns out to be 
The possible validity of energy constraints and the dynamics of the effective EoS parameter is illustrated in the Figure  4 . In the left penal, the validity region of NEC and WEC is given for the described choice of free parameters. It is shown that the energy constraints are valid for increasing values of b 0 and redshift z, in particular, z ≥ 3 (decreasing rate of scale factor). For very small values of b 0 closer to zero, these constraints remain invalid. The EoS parameter indicates the negative behavior as shown in the right penal.
V. EVOLUTION OF ENERGY BOUNDS USING RECONSTRUCTED MODELS FOR f (T, B) = −T + F (B) COSMOLOGY
In this section, we will study the specific case where the function takes the form f (T, B) = −T + F (B), which is similar to models of the form f (R) = R + F (R) and f (T ) = −T + f (T ) studied in f (R) and f (T ) gravity, respectively. This theory is equivalent than to consider a teleparallel background (or GR) plus an additional function which depends on the boundary term which can be also understood as F (B) = F (T + R). Using f (T, B) = −T + F (B) in the energy conditions (19) and (20), we get this specific form of energy conditions:
Similar to the previous section, now we will check the evolution of energy condition bounds as well as EoS parameter for previously mentioned four specific cases. For a de-Sitter reconstruction, the scale factor behaves as a(t) = a 0 e Hot , then B = 18H 2 0 and hence we consider F (B) as
Here C 1 is an integration constant. Using (35) in (33) and (34), we get
These constraints involve parameters H 0 , q, j and C 1 . The consistency of these energy bounds for q parameter and C 1 is shown in left plot of Figure 5 . Clearly, it indicates that these energy bounds will remain valid if C 1 is negative while −1 ≤ q ≤ 2 that corresponds to quintessence, radiation, matter and dust dominated cosmic epochs. Thus it can be concluded that in phantom cosmic phase, these bounds will not be consistent. Also, the effective EoS parameter, in this case, takes the following form:
The right plot of Figure 5 represents the behavior of this parameter versus cosmic time. Clearly, its negative values less than -1 corresponds to the phantom stage of cosmic evolution. For a power-law cosmology, we take F (B) in the following form:
where C 1 and C 2 are integration constants. Using (39) in (33) and (34), we get
Also, effective EoS parameter can be written as
The graphical illustration for energy constraints and effective EoS parameter is presented in the Figure 6 . The left penal provides the possible validity region for energy bounds. It is found that for initial cosmic time, these constraints are valid with −100 ≤ C 1 ≤ 100. Further, these constraints are also valid if C 1 ≤ 0 and 30 ≤ t ≤ 50. The right penal indicates the dynamics of EoS parameter versus cosmic time. Its negative behavior less than -1 corresponds to phantom accelerated phase of cosmos. For ΛCDM Universe, we choose F (B) as The corresponding weak and null energy condition bounds are given by
The corresponding effective EoS parameter is given by Figure 7 provides the graphical interpretation of these constraints as well as the dynamics of effective EoS parameter for this model. Clearly the left penal indicates that these constraints are valid with increasing redshift parameter where C 1 < 0. The right penal shows the negative values of this parameter, i.e., ω ef f < −1, thus leading to the phantom stage of cosmic evolution.
The reconstructed phantom cosmological model is given by . For right plot, we consider C2 = 10 and q = −0.64.
The energy constraints for this model take the following form: (10) ) + 48 27 8b 2 π(m + 1)
Further, the corresponding effective EoS parameter can be written as − mh (10) ) (10) )
(log(B) + 1 ln (10) )
The graphical illustration of energy constraints behavior and effective EoS parameter is presented in Figure 8 . It is clear form the graph that the WEC and NEC are consistent for small values of redshift function, i.e., z ≤ 60 with only positive values of b 0 . The effective EoS parameters graph shows that......
VI. CONCLUSION
Recently, teleparallel theory of gravity and its modifications have attained significant attention of the researchers for discussing various issues in cosmology. In the present paper, we have discussed the energy constraints validity and the effective EoS parameter evolution in a modified teleparallel gravity namely f (T, B) theory. Actually, the f (T, B) theory is formulated with the aim to unify both f (R) and f (T ) gravitational frameworks and thus to see how these theories are connected with each other [41] . It is found that under some specified limits, this theory reduces to f (T ) and f (R) theories. For discussing the possible constraints on the free parameters, we have used some famous cosmological models obtained by the reconstruction scheme in a recent paper [42] . Firstly, we have derived the general energy conditions directly from the effective energy-momentum tensor under the transformation ρ → ρ ef f and p ef f → p ef f . Then we explore the particular forms of these constraints using the reconstructed f (T, B) function for four different cosmological models namely: De Sitter universe, power law cosmology, ΛCDM universe and Phantom universe model. It is seen that in every case, there are many free variables that need to be fixed. We have chosen some specific values for some of these free parameters while others are restricted graphically in order to make sure the consistency of these energy bounds. Furthermore, we have used another particular form of the function given by f (T, B) = −T + F (B) and discussed the validity of WEC and NEC in terms of graphical regions by fixing the free parameters in all four cases. The obtained results can be summarized in the form of the following table: Table 1 : The ranges of free parameters for the validity of WEC and NEC obtained through graphs. Further we have discussed the evolution of effective EoS parameter versus cosmic time t or redshift function z by fixing the free parameters in all four cases graphically. The choices of the free parameters used here are exactly same as either we used in validity region graphs of WEC and NEC or obtained through the graphs. The obtained ranges of EoS parameter are then compared with the observational ranges as discussed in literature and summarized in the form of the table 2. It is seen that in all cases, the universe model either corresponds to quintessence era or phantom cosmic era of universe evolution and ΛCDM phase. Our results are consistent with WMAP9 observational data [49] It would be interesting to investigate the possible constraints on the free parameters using matter density perturbations for some other well-known models of cosmology in f (T, B) gravity.
